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1 Introduction

Molecular diffusion refers to the random translational motion of molecules (also called Brownian
motion) that results from the thermal energy carried by these molecules, a physical process that
was well characterized by Einstein [1]. In a free medium, during a given time interval, molecular
displacements obey a three-dimensional Gaussian distribution – molecules travel randomly in space
over a distance that is statistically well described by a diffusion coefficient D. This coefficient depends
only on the mass of the molecules, the temperature and the viscosity of the medium.

Diffusion MRI is deeply rooted in the concept that, during their diffusion driven displacements,
molecules probe tissue structure on a microscopic scale, well beyond the usual (millimetric) image res-
olution. During diffusion, water molecules move inside the body, bouncing off, crossing or interacting
with many tissue components, such as cell membranes, fibres and macromolecules. Because movement
of water molecules is impeded by such obstacles, the actual diffusion distance is reduced compared
with that of free water, and the displacement distribution is no longer Gaussian. In other words,
although short diffusion times reflect the local intrinsic viscosity, at longer diffusion times the effects
of the obstacles predominate. So, the non-invasive observation of water diffusion-driven displacement
distributions in vivo provides unique clues to the fine structural features and geometric organization
of neural tissues, and also to changes in these features with physiological and pathological states.

2 The Physics of Diffusion

The classical description of diffusion was introduced by Fick in the mid-1800’s, with two differential
equations that described diffusion macroscopically [2].

For an isotropic substance, Fick’s first law states that the flux of particles across a membrane of
unit area in a predefined plane, is proportional to the concentration differential across that plane:

F(r, t) = −D∇C(r, t) (1)

where F is the flux of particles, C is their concentration, and D is the diffusion coefficient for that
medium. When we combine this equation with the equation of conservation of mass:

∇ · F(r, t) = −∂C(r, t)/∂t (2)

we obtain Fick’s second law:

D∇
2C(r, t) =

∂C(r, t)

∂t
(3)

The probability of finding a particle per unit volume is given by:

P (r, t) = C(r, t)/N (4)

where N is the total number of particles in the system. Since N is a constant, P (r, t) obeys the same
equation as C(r, t):

D∇
2P (r, t) =

∂P (r, t)

∂t
(5)
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If at t = 0 a diffusing particle is know to be at position r0, the probability of finding that particle
at position r at time t is found by solving equation (5) subject to the initial condition:

P (r|r0, 0) = δ(r − r0) (6)

In the case of unrestricted isotropic diffusion, this solution is given by:

P (r|r0, t) = (4πDt)−3/2 exp

{

− 1

4Dt
|r − r0|2

}

(7)

From equation (7) it can be observed that the probability density function P (r|r0, t) depends
only on the displacement r− r0, and not on the initial position, which reflects the Markov nature of
Brownian motion [3]. Also, the Gaussian properties of P (r|r0, t) determine that the net molecular
displacement at any time t is zero, whilst the mean square displacement, 〈∆r〉2, is:

〈∆r〉2 = 2NDt (8)

where N = 1, 2 or 3, depending on whether the diffusion occurs in one (line), two (plane) or three
(free space) dimensions, respectively. This relation for the mean square displacement during diffusion
was first described by Einstein [1].

2.1 Anisotropic Diffusion

If the underlying brownian motion is not uniform in space, a single scalar diffusion coefficient can
no longer describe the system completely. In this case, the flux of particles F can be related to the
concentration C via a diffusion tensor [4]:

F = −D∇C (9)

where D is a 3×3 matrix. Because diffusion has to be described by real values, this tensor is in fact
symmetric (Dij = Dji) and it has only six independent elements:

D =





Dxx Dxy Dxz

Dxy Dyy Dyz

Dxz Dyz Dzz



 (10)

For a compartment with diffusion tensor D, the probability that a particle initially at position r0

reaches position r at time t is given by [8]:

P (r|r0, t) =
1

√

|D|(4πt)3
exp

{

−(r − r0)
T
D

−1(r − r0)

4t

}

(11)

where |D| represents the determinant of D.

3 Measuring Diffusion Using MRI

In MRI, the labelling of molecules is achieved via the characteristic Larmor frequencies of the com-
ponent nuclei. The effects of diffusion on the spin echo signal were observed very early by Hahn [6]
and later analysed by Carr and Purcell [9]. The attenuation of the spin echo signal resulting from
the dephasing of the nuclear spins due to the combination of the translational motion of the spins
and the imposition of spatially well defined gradient pulses can be used to measure motion. One of
the most commonly used diffusion sensitising gradients is a modification of the spin echo sequence
called pulsed gradient spin echo (PGSE), and was firstly introduced by Stejskal and Tanner [5]. This
pulse sequence is shown in Figure 3.1.
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Figure 1: The Stejskal Tanner pulse sequence.

If a gradient pulse is introduced into the spin echo sequence after the 90o RF pulse, this will induce
a phase shift d(φ1) of the spin transverse magnetization, which depends upon the spin position. The
phase shift introduced by a gradient applied along the z-axis is given by:

d(φ1) = γ

∫ δ

0
Gzdt = γGδz1 (12)

where G is the gradient strength, δ its duration, and z1 the position of the spins during the duration of
the gradient, which is assumed to be constant during the short time δ. If an 180o RF pulse is applied
afterwards, the phase shift is transformed into −d(φ1). Hence, a second gradient pulse applied after
the 180o RF pulse will cause another phase shift of contrary signal:

d(φ2) = γ

∫ ∆+δ

∆
Gzdt = γGδz2 (13)

where ∆ is the diffusion time, which corresponds to the time between the two leading edges of the
gradient pulses, and z2 is the position of the spins during the second gradient pulse, in general different
to z1 due to the diffusion driven motion of molecules. The total phase shift would then be:

d(φ) = γGδ(z1 − z2) (14)

which means that if the labelled spins do not move (i.e., z1 = z2) the phase shift will be zero, whereas
for the case where the spins have moved in time there is a phase shift that depends on the displacement
(z2 − z1). The total magnetization of the spins is given by the sum of the magnetic moments:

M = M0

∑

j

exp{i d(φ)j} (15)

This summation can be calculated knowing the spin population. Therefore, the amplitude of the
signal attenuation can be calculated using the following expression [10]:

S

S0
=

∫

exp{iγGδ(z1 − z2)}P (z2|z1, ∆)dz2 (16)

where S is the signal intensity, S0 is the signal intensity in the absence of the diffusion weighting
gradient, and P (z2|z1, ∆) is the probability of finding a spin initially at z1 between the positions
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z2 and z2 + dz2, after a time ∆. If this equation is combined with the one-dimensional version of
equation (7),

P (z2|z1, ∆) = (4πD∆)−1/2 exp
{−(z1 − z2)

2

4D∆

}

(17)

the attenuation of the signal amplitude can be rewritten as:

S

S0
= exp

{

− (γGδ)2∆D
}

(18)

The above equation is valid for finite (δ << ∆) and continuous gradients. In practice, diffusion
gradient pulses have a certain length and are not applied continuously, hence, the more general
approach given by Stejskal and Tanner should be used [5]:

S

S0
= exp

{

− γ2D

(

∫ 2τ

0
F 2dt − 4f

∫ 2τ

τ
Fdt + 4f2τ

)}

(19)

where 2τ is the time at the centre of the echo (TE), τ the time at the centre of the 180o pulse, F (t)
is a phase function that depends on the gradients applied,

F (t) =

∫ t

0
G(t′)dt′, (20)

f is the phase function F (t) evaluated at τ , and G(t′) is the gradient strength at time t′. If equation
(19) is solved for the pulse sequence shown in Figure 3.1, the solution is:

S

S0
= exp

{

− γ2G2δ2

(

∆ − 1

3
δ
)

D

}

(21)

This equation can be rearranged to give:

S = S0e
−bD (22)

where b is the so-called b-value, and is defined by:

b = γ2G2δ2
(

∆ − 1

3
δ
)

(23)

The b-value has units of s/mm2 and represents the sensitivity of the sequence to motion, i.e., the
greater the b-value, the greater the diffusion weighting of the image.

In the case of anisotropic diffusion, Basser et al [7] derived a formula analogous to that proposed
by Stejskal and Tanner [5], where the signal attenuation is related to the diffusion tensor, D, by:

S = S0e
−B:D (24)

where B is the so-called b-matrix:

B =





Bxx Bxy Bxz

Bxy Byy Byz

Bxz Byz Bzz



 (25)

More details on the b-matrix and the diffusion tensor experiment will be provided in section 3.3.

In the case of an anisotropic diffusion profile, equation (22) can still be used to estimate the
average diffusivity along the acquired gradient direction. In this case, the diffusion coefficient, D, is
replaced by the concept of apparent diffusion coefficient, ADC.
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3.1 Twice Refocused Spin Echo

One of the main sources of artifacts in diffusion-weighted MRI images is the presence of eddy currents.
The time-varying magnetic fields from gradients in MRI pulse sequences induce currents in conducting
structures within the magnet, gradient coils themselves, and RF coils [11]. The induced currents are
called eddy currents, and create unwanted magnetic fields that are detrimental to image quality.

In order to minimise the effects of eddy currents, for our data acquisition we used the twice
refocused spin echo (TRSE) pulse sequence proposed by Reese and colleagues [12]. This sequence is
shown in Figure 3.2.
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Figure 2: The TRSE pulse sequence.

The TRSE pulse is formed by an SE diffusion sequence with two refocusing pulses. Two bipolar
field gradients of length δ1 + δ2 and δ3 + δ4 are used, with the RF refocusing pulses dividing each
bipolar pair. If we consider an idealised sequence, in which the RF pulse durations and gradient
ramping times are infinitely short, then:

δ1 + δ2 = δ3 + δ4

δ2 + δ3 = TE/2
δ1 + δ4 = TE/2 − tpr

(26)

where tpr is the sum of the preparation time following the excitation pulse and the readout time
preceding the SE. Three equations for four unknowns, leaves one free parameter. For a Siemens 3T
Trio, the following additional equations are used to obtain unique solutions for the unknown timing
values:

tdiff = δ1 + δ2 + δ3 + δ4

TE = tpr + tdiff

e−λT − 2e−λ(T−δ1) + 2eλ(T−δ1−δ2) − 2eλ(T−δ1−δ2−δ3) + eλ(T−δ1−δ2−δ3−δ4) = 0

(27)

where tdiff is the time available for diffusion weighting, and T is the total time from the first gradient
rise to echo. λ is the time constant associated to the eddy current decay, and its value is set by the
scanner.

Eddy currents are created by gradient slewing, and are roughly proportional to the slew duration
and rate, which is in turn equal to the amount of change in the gradient amplitude. When gradient
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waveforms are a trapezoid, eddy currents caused by the initial and final (positive and negative)
ramps tend to cancel each other out, if they are close [13]: this is the effective utility of split diffusion
gradients.

3.2 Noise in MRI images

The data acquired to form an MRI image contain noise, which is introduced in the acquisition phase
by the MR hardware. This noise is assumed to be random, and following a Gaussian distribution with
zero mean, and standard deviation σ [14]. The noise from the acquisition is retained in the actual
image through the Fourier transform process, since the Fourier transform is a linear and orthogonal
operator. However, the images commonly used in MRI are normally magnitude images, which are
obtained by calculating the magnitude value of the complex image on a voxel by voxel basis. This
process alters the properties of the noise distribution, making it no longer Gaussian. Instead, the
noise is now characterised by a Rician distribution [15]. If A is the true signal intensity of a voxel in
the absence of noise, and M is the measured voxel intensity, the distribution of M is given by:

PM (M) =
M

σ2
e−

M2
+A2

2σ2 I0(
A M

σ2
) (28)

where I0 is the modified zeroth order Bessel function of the first kind.
For high signal-to-noise ratio (SNR), the Rician distribution can be well approximated by a

Gaussian, but the same is not true for lower levels of SNR.

3.3 The Diffusion Tensor Model

MRI can measure molecular diffusion along any desired directional axis by using three independent
gradient units that are orthogonal to each other: x, y, and z. When water is freely diffusing, its
diffusion is isotropic and the diffusion coefficient D is a constant, since it does not depend on the
direction of the applied gradient. However, water in living systems is often contained in very ordered
structures that restrict its diffusion along certain axes. For example, consider a water molecule
confined to move inside a cylindrical shaped tube along the z-axis. In this case, a diffusion constant
measured along the z-axis is larger than those along x and y.

In practice, highly ordered biological structures do not usually align with the physical coordinates
x, y and z defined by the orientation of an MRI scanner. In this case, what we measure using x, y
and z gradients is diffusion along an oblique angle with respect to the ordered structure.

As discussed in the previous sections, to fully characterise an anisotropic diffusion profile we can
use a 3×3 tensor, called the diffusion tensor (DT) (see equation (10)). When a diffusion measurement
is made along the x, y or z axis, what we measure is Dxx, Dyy and Dzz, respectively.

The meaning of this diffusion tensor can be more easily understood using the so-called diffusion
ellipsoids (Figure 3.3). In an isotropic environment, the diffusion tensor has only diagonal elements
(Dxx, Dyy and Dzz), all of which have the same value. Thus, the system can be characterized by
only one constant, D, and the diffusion ellipsoid is spherical (the radius of the sphere is propotional
to

√
D). In an anisotropic environment, the ellipsoid is elongated. We call the longest, middle and

shortest axes of this ellipsoid principal axes, and the three diffusion coefficients along these axes λ1,
λ2 and λ3. When the principal axes happen to align to our physical coordinates x, y and z, we can
directly measure λ1, λ2 and λ3. In practice, they are almost never aligned and the diffusion tensor
has nine non-zero elements. Because Dxx, Dyy and Dzz values change as the orientation of the object
changes, so does the measured diffusion constant using x−, y− or z−gradient axes.

In section 3, we introduced the b-matrix, B, to describe the coupling between the diffusion
tensor elements and the signal attenuation, for a given gradient direction, amplitude, duration, and
separation. The components of the b-matrix are given by [16]:

B =





br2
x brxry brxrz

brxry br2
y rryrz

brxrz bryrz br2
z



 (29)
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Figure 3: Relationship between anisotropic diffusion (upper row), diffusion ellipsoids (middle row)
and diffusion tensor (bottom row). (a) Isotropic diffusion – water diffuses equivalently in all directions.
(b),(c) Anisotropic diffusion – water diffusion has directionality.

where r = (rx, ry, rz) is the gradient direction, and b is the b-value as defined in equation (23).
Equation (24) can now be rewritten as:

S(b, r) = S0e
−br2

xDxx−br2
yDyy−br2

zDzz−2brxryDxy−2brxrzDxz−2bryrzDyz (30)

which can be rearranged further to give:

S(b, r) = S0e
−brT

Dr (31)

A minimum of six non-collinear diffusion measurements is required to fully estimate the diffusion
tensor. To eliminate the dependence of spin density, T1 and T2 we must take at least two measure-
ments of diffusion-weighted images that are differently sensitised to diffusion (different b-values), but
remain identical in all other respects. The more traditional approach is to acquire one image without
diffusion weighting (b=0), the baseline image, and use a second value of b for the six non-collinear ac-
quisitions. However, a higher number of directions and b-values can be used to improve the accuracy
of the estimated tensor.

From equation (31) we see that the signal is comprised of exponentially weighted projections of
the diffusion tensor. The projected diffusion values in the measurement space are equivalent to:

Dm(r) = r
T
Dr =

lnS0 − lnS(b, r)

b
(32)

By measuring Dm with high angular resolution sampling, the shape of the diffusion measurement
profile as a function of r can be determined. If we express Dm as the radius from the origin as a
function of the spherical coordinates (θ, φ)1, we obtain the “peanut-shaped” surfaces shown in Figure
3.4.

1Note that any direction r can be represented by the spherical coordinates (θ, φ): r = (sin θ cos φ, sin θ sin φ, cos θ).
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Fibre 1 Fibre 2

Figure 4: The measured diffusivity, Dm, as a function of the spherical coordinates (θ, φ) for two
identical cylindrically symmetric fibres (λ1 = 1.4 mm2/s, λ2 = λ3 = 0.35 mm2/s) oriented 90o to one
another. These plots were obtained using Matlab 7 (Mathworks Inc., Natick, MA).

3.4 Parameters Derived from the Diffusion Tensor

Measurements of the diffusion tensor and its components have been found to have several applications
in the human brain [17,18]. The trace of the diffusion tensor:

trace(D) = Dxx + Dyy + Dzz = λ1 + λ2 + λ3 (33)

has been found to be valuable for detecting and evaluating brain ischemia and stroke [19, 20]. Fre-
quently, the mean diffusivity (MD) is used instead of trace(D):

MD =
trace(D)

3
=

λ1 + λ2 + λ3

3
= 〈λ〉 (34)

In the context of diffusion tensor imaging, the concepts of mean diffusivity and apparent diffusion
coefficient (ADC) are often used interchangeably in the literature, although ADC strictly refers to
the diffusion coefficient along a particular direction.

Measures of diffusion tensor anisotropy have been used to study white matter in terms of mor-
phology [21], disease and trauma [22, 23] and brain development [24, 25]. The most commonly used
index of anisotropy is the fractional anisotropy (FA) [26] and is defined as:

FA =

√

3((λ1 − 〈λ〉)2 + (λ2 − 〈λ〉)2) + (λ3 − 〈λ〉)2)
2(λ2

1 + λ2
2 + λ2

3)
(35)

FA measures the fraction of the “magnitude” of D that can be ascribed to anisotropic diffusion. For
an isotropic medium, FA = 0. For an infinitely anisotropic medium (i.e., λ2 = λ3 = 0), FA = 1.
Images of the FA index are bright in regions where there are anisotropic structures and dark in more
isotropic regions.

Based on the eigenstructure of the measured diffusion tensor it is also possible to infer the orien-
tation of the diffusion compartments within the voxel: the major eigenvector of the diffusion tensor
is parallel to the mean fibre orientation [27] and the minor eigenvector parallels the normal to the
mean plane of fibre dispersion [28]. More recently, several investigators proposed using the principal
eigenvectors of the diffusion tensor to estimate white matter connectivity [29–31].

Using conventional MRI we can easily identify the different structures of the brain. However,
in these images the white matter of the brain appears to be homogeneous without any suggestion
of the complex arrangement of fibre tracts. On the other hand, the MRI measurements of D in
tissues can provide unique biologically and clinically relevant information that is not available from
other imaging modalities. This information includes parameters that help characterize tissue com-
position, the physical properties of tissue constituents and its architectural organization. Moreover,
this measurement is performed noninvasively, without exogenous contrast agents.
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